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BOUNDING MINIMAL SOLID ANGLES OF POLYTOPES 


ARSENIY AKOPYAN* * AND ROMAN KARASEV* 


Abstract. In this article we study the following question: What can be the measure of the 
minimal solid angle of a simplex in R“? We show that in dimensions three it is not greater 
than the solid angle of the regular simplex. And in dimension four the same holds for simplices 
sufficiently close to the regular simplex. We also study a similar question for trihedral and 
dihedral angles of polyhedra compared to those of regular solids. 

1. Introduction 

In [8, Question 7] it was conjectured that every simplex in W l has a solid angle at a vertex, 
whose (d — l)-dimensional spherical measure is at most that of the solid angle of a regular 
simplex. In this note we confirm this conjecture for dimension d — 3 and show that the 4- 
dimensional regular simplex is a local extremum for the problem. Of course, for d — 2 the 
question is trivial. 

We start with a couple of general observations. It is impossible to bound the maximal solid 
angle of a simplex from below, which would be the opposite version of the conjecture. The 
corresponding example is an “almost flat” simplex, which can be described in the following 
way: Take d+1 points in in convex position and then slightly perturb them in W l so that 
they make a non-degenerate simplex. All the solid angles of such a simplex are close to zero. 

Another example shows that the problem cannot be approached by an averaging argument: 
A tetrahedron whose base is a triangle and whose remaining vertex is very close to the mass 
center of its base has one solid angle close to 2tt and other three solid angles close to 0. So the 
average is close to 7t/2, which is much more than the solid angle of the regular tetrahedron. 
Similar examples exist in all dimensions. 

The similar problem for estimating the minimal dihedral angle of a simplex from above is 
more or less equivalent to the Jung theorem about covering a set of diameter 1 by a minimal 
possible ball. See [9] for a nice proof. 

Acknowledgments. We would like to thank Ivan Izmestiev for pointing our attention to 
Formula 4.1, Alexey Balitskiy, Senya Shlosman, Oleg Ogievetsky and Endre Makai for fruitful 
discussions. 

The first version of the paper contained wrong statements about global minimality in the 
four dimensional case. We are grateful to the anonymous reviewers from the journal Discrete 
& Computational Geometry, who pointed out that Bohm only proved the local minimality of 
the regular tetrahedron in the isoperimetric problem for spherical tetrahedra. 

2. Minimal solid angle of simplex: The general approach 

Now let us describe our approach to the problem. 

Conjecture 2.1. Any d-dimensional simplex T C M. d , has a solid angle not greater than the 
solid angle of the d-dimensional regular simplex. 
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We will show that for any d Conjecture 2.1 follows from the following: 

Conjecture 2.2. For (d — 1)- dimensional spherical simplices S C § d_1 ; the maximal vol S 
under given vol S° is attained at the regular simplex. 

Reduction of Conjecture 2.1 to Conjecture 2.2. In what follows we associate convex cones in W l 
with convex subsets of the sphere S® -1 . So the solid angle at a vertex of the simplex is a subset 
of in our argument. Also, for a convex closed X C § d_1 , we consider its polar X° as a 
subset of the sphere § d_1 . 

Now let Vo i V\, ..., Vd be the d -dimensional spherical simplices corresponding to solid angles 
of the vertices of T. Let V^ 0 , Vj°, ..., Vf be their polar simplices. Evidently, the spherical 
simplices (Euclidean cones) V° constitute the normal fan of T and therefore provide a partition 
of S d ~\ 

Let Cd- i be the (d — l)-dimensional spherical simplex corresponding to the solid angle of the 
regular simplex in M. d , like one of the above described Vi’s. It is clear that Cj_ l is the regular 
simplex from the standard partition of the (d — l)-dimensional sphere into d + 1 simplices. 

Assume Conjecture 2.2 is valid. Choosing i with maximal vol(Vj)° we obtain that its volume 
is not less than vol(C'^_ 1 ), therefore vol (Vi) < vol(C'd-i). □ 

In the next sections we prove Conjecture 2.2 for the case d = 3 and prove a weaker claim, 
the local extremality of the regular simplex, for d = 4. 

The proof will be based on the isoperimetric inequality for spherical simplices, which is only 
solved for the case of the two-dimensional sphere. For the three-dimensional sphere, J. Bohm [2] 
proved the local extremality of the regular simplex, that is why our result is local for d = 4. 

Conjecture 2.3 (Isoperimetric inequality for a spherical simplex). Out of (d — 1)- dimensional 
spherical simplices with fixed volume, the regular simplex has the minimal surface (d— 1)-volume. 

We should mention that if Conjectures 2.2 and 2.3 both are true than the statement of 
Conjectures 2.1 could be generalized: 

Conjecture 2.4 (Generalization of Conjecture 2.1). Any d-dimensional simplex T C for 
any k, k < d — 1 has k-face with the (d — k — 1)-dimensional solid angle corresponding to this 
k-face not greater than the (d — k — 1)-dimensional solid angle of the k-face of d-dimensional 
regular simplex. 

Indeed, as in the reduction above, one can consecutively apply Conjecture 2.3 to maximal 
faces of simplex vol(V))° of maximal volume and obtain that one of its /c-coface has volume 
not less than the volume of the fc-coface of vol(C^_ 1 ). Note that this fc-coface is polar to the 
solid angle of the corresponding fc-face of T. Then applying Conjecture 2.2 we obtain that 
the corresponding fc-face has the (d — k — l)-dimensional solid angle less then the (d — k — 1)- 
dimensional solid angle of a fc-face of the regular simplex. 

3. The three-dimensional case 
W e show that for d = 3 all four Conjectures 2.1-2.4 hold. 

The following lemma is well-known and it is the two-dimensional version of Conjecture 2.3: 

Lemma 3.1 (Isoperimetric inequality for a spherical triangle, [4, 2]). Out of spherical triangles 
with fixed area, the regular triangle has the minimal perimeter. 

From the spherical triangle formula, for any triangle A 6 S 2 and its polar A° the following 
equation follows immediately: 

(3.1) 


area A + per( A°) = 27 t. 
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It seems that this formula was well known before, for example L. Fejes Toth using (3.1) proves 
existence of the Lexell circle [5, §1.8]. 

From this formula, in particular, it follows that area(C') + per(C'°) = 27r, for the regular 
triangle C with area(C'°) = area(S'°). Now from Lemma 3.1 follows that the perimeter of S° 
is not less than the perimeter of C°. Using (3.1) we obtain that area(S') > area(C). That is 
the two-dimensional version of Conjecture 2.2, and Conjectures 2.1 and 2.4 for d = 3 follow as 
corollaries. 

It is clear that the scheme of this proof works for platonic solids as well; let us state the 
corresponding results. 

Theorem 3.2. Let P be a polyhedron (non necessarily convex) inM. 3 , combinatorially equivalent 
to a platonic solid P 0 . Then 

(i) one of its solid angles is not greater than the solid angle of the platonic solid P 0 / 

(ii) one of its dihedral angles is not greater than the dihedral angle of P 0 . 

For a simple polyhedron P, the combinatorial equivalence to P 0 is not needed, it suffices to 
assume that P and Pq have the same number of vertices. 

The statement (ii) follows from (i). Indeed, the minimal dihedral angle of those adjacent to 
the minimal solid angle is not greater than the dihedral angle of P 0 , because otherwise, by the 
spherical area formula, the solid angle would not be minimal. 

For simple platonic solids (the cube and the dodecahedron), the proof of (i) is absolutely the 
same as the proof of the case of the tetrahedron. For non-simple case (the octahedron and the 
icosahedron), it is needed to the generalize the inequality between the area of a triangle and 
the area of its dual as follows: 

Theorem 3.3. For a spherical n-gon P, the maximal area(P) under given area(P°) is attained 
at the regular n-gon. 

The scheme of the proof is the same as for Conjecture 2.2 for the case d = 3, we use the 
generalization of Lemma 3.1 for any n-gone: 

Lemma 3.4 (Spherical isoperimetric inequality for n-gons, L. Fejes Toth [4, Section 30]). Out 
of spherical n-gons with fixed perimeter, the regular n-gon has the maximal area. 

For the case hyperbolic plane Lemma 3.4 was proved in K. Bezdek [1], See also [3] for a 
generalization of these statements to the class of polygons formed by circular arcs of fixed 
radius. 


4. The four-dimensional case 
Now we utilize the result of J. Bohm: 

Lemma 4.1 (Isoperimetric inequality for a spherical tetrahedron, [2]). Out of spherical tetra- 
hedra with fixed volume, the regular tetrahedron has the local minimal surface area. 

For the regular spherical tetrahedron C, denote by U(C) its neighborhood in the space of 
all spherical tetrahedra with volume equal to the volume of C where C locally minimize the 
surface area. Let the neighborhood U°(C ) consist of the polars to the simplices from U(C°). 
Let the set U be the union of U(P(C) fl U°(C )) over all regular simplices C. 

Suppose S belongs to U and let C be the regular spherical tetrahedron with vol(C°) = vo^S 10 ), 
then S e U(C), S° e U(C°). 

From Lemma 4.1 it follows that area (dS°) > axea,(dC°). Now apply the following equality 
(see [7, Proof of Theorem 4.2], this equality can be proven by direct application of the formula 
for the area of a spherical triangle): 

(4.1) area(<9A") + area(<9X°) = 47 t. 


BOUNDING MINIMAL SOLID ANGLES OF POLYTOPES 


4 


This implies 

area^S) < area (dC). 

It remains to apply Lemma 4.1 once again and obtain vol(S') < vol(C'). 

This proves Conjecture 2.2 for S G U. And therefore Conjectures 2.1 and 2.4 hold for the 
class of four-dimensional simplices whose solid angles belong to U. 

Let us summarize everything as a theorem: 

Theorem 4.2. The four-dimensional regular simplex T has a neighborhood U(T) (in space of 
four-dimensional simplex) such that any simplex from U{T ) 

(i) has a solid angle at some vertex not greater than the solid angle at a vertex of the regular 
simplex; 

(ii) has an edge with the trihedral angle not greater than the trihedral angle at an edge of the 
regular simplex; 

(Hi) has a two-face with the dihedral angle not greater than the dihedral angle at a two-face of 
the regular simplex. 

For dimension three in spherical geometry, we do not know how to prove even the local 
analogue of Lemma 3.4 for other platonic solids. Therefore we only formulate an analogue of 
the simplex result for the tesseract (4-cube) and the hecatonicosachoron (120-ccll): 

Theorem 4.3. The tesseract T has a neighborhood U(T ) (in space of simple polytopes with 16 
vertices) such that any polytope from U(T) 

(i) has a solid angle at some vertex not greater than the solid angle at a vertex of the tesseract; 

(ii) has an edge with the trihedral angle not greater than the trihedral angle at an edge of the 
tesseract; 

(Hi) has a two-face with the dihedral angle not greater than the dihedral angle at a two-face of 
the tesseract. 

Theorem 4.4. The the hecatonicosachoron H has a neighborhood U(H) (in space of simple 
polytopes with 600 vertices) such that any polytope from U(H) 

(i) has a solid angle at some vertex not greater than the solid angle at a vertex of the heca¬ 
tonicosachoron; 

(ii) has an edge with the trihedral angle not greater than the trihedral angle of the hecatoni¬ 
cosachoron; 

(Hi) has a two-face with the dihedral angle not greater than the dihedral angle at a two-face of 
the hecatonicosachoron. 

Sketch of the proof. Conclusion (i) is proved similarly to Theorem 4.2 for the case of the four¬ 
dimensional simplex. 

Conclusion (ii) is proved similarly to Theorem 4.2. 

Conclusion (iii) is proved similarly to the proof of (ii) of Theorem 3.2: We choose the 
minimal trihedral angle and note that one of its dihedral angles should be not greater than a 
dihedral angle of the corresponding regular polytope (tesseract or hecatonicosachoron), since 
this trihedral angle is itself not greater than the trihedral angle of the regular polytope. □ 

Remark 4.5. Like in Theorem 3.2, we can drop the convexity condition on P and assume only 
that it is a PL- sphere on 16 or 600 vertices, and each vertex of P is simple. 

5. Other remarks and questions 

1. Returning to the general case of [8, Question 7], we think that Conjecture 2.1 is valid in 
all dimensions. This must be clear from the above proofs that the validity of this conjecture is 
sufficient to prove Conjecture 2.2 in all dimensions. Note that a similar result was established 
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in [6]: For all spherical convex sets, the maximal vol(X) under given vol(X°) is attained at 
a spherical cap. In [8] this was used to give a good asymptotic bound for the maximal solid 
angle. 

2. The proof of the two and three dimensional versions of Conjecture 2.2 uses equations (3.1) 
and (4.1) connecting the area (or the perimeter) of a triangle with its dual. These relations are 
not a coincidence. 

The Crofton formula for a convex subset X C states that: 

vol d _i dX = c di \ii dA {£ TnAVf)}, 

where £ is a spherical line in 8 d , ji c i\ is an SO (d+ l)-invariant measure on the set of such lines, 
and Cd ,i is a certain coefficient, whose value we need not know. 

Note that a point p or — p belongs to a given convex set X C 8 2 if and only if their polar 
line p° does not intersect the interior of the polar X° C § 2 , this is evident from the version 
of the Hahn-Banach theorem for cones. From this observation and the Crofton formula (after 
adjusting the constants) follows (3.1): area A + per(A°) = 27T. 

For the three-dimensional sphere we make the following observation: The polarity in § 3 maps 
lines to lines and preserves the SO(4)-invariant measure. A line f intersects X if and only if 
the line does not intersect X°. This gives (4.1): area(cbA) + area(<9A°) = 47 t. 

By a similar argument one can prove analogous statements for intrinsic volumes of spherical 
bodies of higher dimension. 

3. As we mention in the introduction, all solid angles of some simplices can be close to 
zero. Hence we cannot find a prescribed inequality in the sets of solid angles of any two given 
simplices (except for the case d — 2). 

On the other hand, for any two given simplices T) and T 2 (with numbered vertices) in 
one can always find two corresponding (d — 2)-faces t\ and t 2 such that the dihedral angle of t\ 
is not greater than the dihedral angle of t 2 , [10]. In view of this we can ask the following: 

Conjecture 5.1. Let Pi and P 2 be two combinatorially equivalent convex polytopes in Then 
there exist corresponding (d — 2)-faces t\ of Pi and t 2 of P 2 such that the dihedral angle ofti is 
not greater than the dihedral angle of t 2 . 
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